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Abstract. This paper presents a new biased method
for order reduction of linear continuous time interval
systems. This method is based on the Stability equa-
tion method, Pade approximation and Kharitonov’s
theorem. The higher order interval system is repre-
sented by four Kharitonov transfer functions using the
Kharitonov’s theorem, and then reduced order models
are obtained by the general form of the Stability equa-
tion method and Pade approximation. The Stability
equation method is used to obtain a reduced order de-
nominator polynomial while the Pade approrimation is
used for reduced order numerator coefficients. This
method generates a stable reduced order model if the
original higher order interval system is stable. The
proposed method is illustrated with the help of typical
numerical exzamples considered from the literature, and
these are compared with well-known methods to show
the efficacy of the proposed method.
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1. Introduction

In recent decades, to carry out effective research much
effort has been made in the field of model order re-
duction. The original system is of higher order and
it is cumbersome. This nature of higher order system
analysis is both tedious and costly. The understand-
ing of the behaviour of the system is difficult due to
complexity. To avoid the above problems, order reduc-
tion implementation is necessary. Model Order Reduc-
tion (MOR) is a branch of systems and control theory
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for reducing the complexity of a higher system while
preserving their input - output behaviour. Order re-
duction methods are broadly classified into two types.
Frequency domain order reduction methods are for a
transfer function model. Time domain order reduction
methods are for a state space model. Several meth-
ods are available in the literature for the order reduc-
tion of linear continuous systems in the time domain
as well as the frequency domain. The reduced order
model obtained in the frequency domain gives better
matching of the impulse response with its higher order
system. Some of the most popularly used frequency
domain order reduction methods are Pade approxima-
tion and continued fraction methods. These are com-
putationally fast and being able to exactly match the
maximum number of system parameters (usually time
moments or Markov parameters) to the reduced model.
But these methods have a disadvantage - the stabil-
ity of the reduced model is not guaranteed for a sta-
ble system. Efforts have been devoted to developing
stability preserving methods such as the Routh sta-
bility criterion, Mihailov criterion etc. The stability
of these methods is achieved, but the disadvantage of
these methods is loss of accuracy. Among these various
model order reduction methods for stability preserva-
tion available in the literature, the stability equation
method [2] is one of the most popular techniques. The
advantage of this method is that it preserves stability
in the reduced model, if the original high-order system
is stable, and retains the first two time-moments of
the system. These methods are applicable for fixed -
coefficients systems only. However, in many systems
the coefficients are constants but uncertain within a fi-
nite range. Such systems are classified as interval sys-
tems. The above methods are applicable for fixed sys-
tems only. In [4] v — § Routh Approximation method
for interval systems is proposed. The reduced model
of interval system is unstable even when the original
higher order interval system is stable. An improve-
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ment is proposed in [5] to the v — § Routh approxima-
tion for interval systems using the Kharitonov’s poly-
nomials such that the resulting interval Routh approx-
imant is robustly stable. To improve the effectiveness
of model order reduction, many mixed methods have
been proposed recently [8], [9], [10] based on interval
arithmetic. As these methods use interval arithmetic,
the stability of the reduced order model is not guaran-
teed, if the original interval system is stable. In [II]
Kharitonov’s theorem on robust Hurwitz polynomials
is simplified for low-order polynomials. In [I2] an inter-
val arithmetic is used to construct a generalized Routh
table for determining the denominator polynomial of
the reduced system. The reduced numerator polyno-
mial is obtained using the factor division method and
the steady state error is minimized using the gain cor-
rection factor.

Reduction techniques for linear interval systems us-
ing the Kharitonov’s theorem are presented [I3] in [14]
to generate stable reduced technique for linear inter-
val models. In [I5] recently a reduction technique for
linear interval systems using Kharitonov’s theorem in-
terval and Routh-Approximation is presented to gen-
erate a stable reduced order interval system. In [16]
the reduced order interval model is obtained using
Kharitonov’s polynomials, which retains stability and
full impulse response energy of the higher order interval
system in its reduced order interval model.

In this paper, model order reduction of interval sys-
tems is carried out by using the Kharitonov’s theorem,
stability equation method and Pade approximation
method. The denominator of the reduced model is ob-
tained by the stability equation method and the numer-
ator is obtained by the Pade approximation method.
Thus the stability is guaranteed if the original system
is stable.

2. Problem Formulation

Consider a higher order continuous interval system by
the transfer function:

Gn(s) =
[BO_7B(—” + [B1_>Bf_]5 +.+ [B;—lﬁ B;’L_—l}sn_l

[Ay, AFT+[AT, Af]s + ...+ [An Al lsm

(1)

where [A;, Af] for i = 0,1,...,n are denominator co-
efficients of G, (s) with A; and A;" as lower and upper
bounds of interval [A], A]] respectively, and [B;, B;"]
for i« = 0,1,...,n — 1 are numerator coefficients of
Gy (s) with B; and B;" as lower and upper bounds
of interval [B; , B;"| respectively.
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It is proposed to obtain a reduced order interval
model of the form:

G.(s) =
[Bo b1+ [br s bl + - 4 by, b Js™!
lag,al]+[a],al]s+ ...+ [ar,af]s"

(2)

where [a; ,a]] for i = 0,1,...,7 are denominator co-
efficients of G,.(s) with a; and a; as lower and upper
bounds of interval [a; ,a]] respectively, and [b; ,b]]
fori =0,1,...,r—1 are numerator coefficients of G,.(s)
with b;” and b;r as lower and upper bounds of interval
[b;,b]] respectively.

[

3. Proposed Method

Theorem 1 (Kharitonov theorem). An interval poly-
nomial family p(s) = > o[y , ;| with invariant de-
gree is robustly stable if its four Kharitonov polynomials

are stable.

According to the Kharitonov theorem, every interval
polynomial p(s) is associated with four following fixed
parameter polynomials called Kharitonov polynomials.
They are defined as:

Ki(s)=ay +a7s+afs?+...+a,s"
Ky(s)=ay +afs+afs®+... +a;s" 3
Ki(s)=af +a;s+ays?+...+afs" " 3)
Kis)=ad +afs+ays?+...+afs"

The interval system is stable if and only if its four
Kharitonov polynomials satisfies Routh Hurwitz sta-
bility criterion

3.1. Reduction Procedure

Consider a family of real interval transfer function:
_ N _
)= Ds) =
[Bo, Byl + By, B s + ...+ [B, 1, Bya]s" ™!

[Ag, AT]+[AT, AT ]s + ... + [An, Af]sm

(4)

The four fixed Kharitonov’s transfer functions associ-
ated with G,,(s) are given as:

B By +Bys+Bfs*+...+ B, s}
A+ ATsH AT 4 Ansn

Big+ Bpys+ Bls® + ...+ By, _qys" !
AL+ ALsFALSE .+ AL sm
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N (s)
G(s) = ot =
D3 (s)
_ By +Bfs+Bys*+...+B, ;5"
Ay FATs AT+ 4 Ansm (6)
By + Bjis+ Bjhs® +... + By_1)s" '
Ay + A215 + A22 o+ Ay, st .
Nj(s)
G3 = n =
n(s) D3 (s)
By +Bys+Bys’+...+Bf 5"
AT HATsHAS2 L+ Afsn (™)
B Bjy + Byys + Bps? +. +B3(n 1S snt
Ady+ Azs+ Apps? + ..+ Al sm
Ny (s)
4 _ n _
By +Bis+Bys®+...+ By """
AT H A s A2 Afsn ®)
_BI)+BLS+B41_252+ JrB4(n s "1
A+ Afs+ Aps?+ ...+ Af sm

The above Kharitonov’s transfer functions are, in
general, represented as:

By;s?
: Nﬁﬁ,%ﬁ”
" > Apjs
§=0
1) Step1

Determination of the denominator coeflicients of lower
order system for first Kharitonov transfer function by
stability equation method:

For I=1:
Nl(S)
1 _ _
BlO—I—BHs—i—Ble +. —l—Bl(n 1)5"_1 (10)
Ao+ Aps+ 141252 +.. AT

For first Kharitonov transfer function the reduced or-
der model is:

N, (s)
Gl = T =
B By, + Byys+ Bys® + .. -+ Bl 8!
A+ Afs+ Afys2 + ..+ AL s”
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For stable first Kharitonov transfer function G (s),
the denominator D}(s) of the Higher Order System
(HOS) is bifurcated in the even and odd parts in the
form of stability equations as:

ma 82
D2 = Awfl (1+5)

=1 i

o B , (12)
Dy(s) = An [] <1 + 2>

i=1 D;

where my and mq are the integer parts of n/2 and
(n — 1)/2 respectively and 27 < p? < 23 < p3.

Now by discarding the factors with large magnitudes
of z? and p? in Eq. (12)), the stability equations for %"
order Lower Order System (LOS) are obtained as:

2
=)
p?

where mg and my are the integer parts of r/2 and
(r —1)/2, respectively.

w

m3
DZ(S) = aio H <1 +

i=1

my
Dg(s) = a1 H (1 +

=1

NEAN

(13)

Combining these reduced stability equations and
therefore properly normalizing it, the r** order denom-
inator of Lower Order System (LOS) is obtained as:

§ alz

1=0

)+ Dg(s

D, (s) = D(s) (14)

Therefore, the denominator polynomial in Eq. is
now known, which is given by:

DL(s) = aio + aj1s +ajns® + ...+

14 aq,s".

15
tayr_1)s” (15)

The same procedure is employed for remaining
Kharitonov’s transfer function for reduced order de-
nominator.

D2(s) = asp + ag1s + ages® + ...+

Fasr—1)s" " 4 agys”,

D3(s) = azo + az1s + azes® + ...+ 16)
tazr—1)s" " 4 ass",

D}(s) = aso + ass + ases® + ...+
taar—1)s" "t + asgrs”

2) Step 2

Determination of the numerator coefficients of the re-
duced model by Pade approximation:
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For the first Kharitonov transfer function, it can be
expanded in the power series about s=0 as:

n—1

Z Blisi

Gils) =5 ——=
Z AliSi
=0

= El() + E118 + E2182 —+ ...

The coefficients of the power series expansion can
also be calculated as follows:

Bio
FEig=—. 18
0= (18)
E L 1 B—y a,E >0
i= i j L1 (i—j ? )
! Ay | ! j=1 R (19)
Bi;= 0 i >n— 1.

The " order reduced model for the first Kharitonov
transfer function is taken as:

r—1
bi;s
er s 1; 1z
Gis) = D) _ i (20)

== )
r(5) 3 a8
i=0
Here D}(s) is known through the stability equation
method.
For N}(s) of equation to be Pade approximants of

G} (s) of equation, we have:

bio = a10E10

b1 = a1011 + annEro
. , (21)

br—1 =awEip-1) +... +ar—2En +ar—1E10
the coeflicients b1;;5 = 0,1,2,...,7 — 1 can be found
by solving the above r linear equations.

Hence the numerator N!(s) is obtained as:

N}(s) :blo+b118+b1282+...+br,18T71. (22)
The Step 1 and Step 2 procedure is repeated for
remaining Kharitonov transfer function.

After obtaining four Kharitonov reduced order trans-
fer functions, the reduced order interval transfer func-
tion is obtained by using the below equation:

r—

[min (br;) , max (by;)] &7

G(s) = 7 . (23)
;O [min (ar;) ,max (ar;)] s/

J
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Integral Squared Error (ISE):

The Integral Squared Error (ISE) between the orig-
inal higher order system and reduced order system is
represented in the form:

jlmw@>1ﬁmfw. (24)

Mathematically, the integral squared error can be rep-
resented as:

N
F= ) =y @), (25)
=0

K2

where, y(t) is the unit step response of higher order
and y,(t) is the unit step response lower order system
at the ¢*" instant in the time interval 0<t<N, where
N is to be chosen.

3.2. Numerical Example

Example 1. Consider a higher order interval system
ZiE

G(s) =
[2,3]s2 + [17.5,18.5]s + [15, 16]
[2,3]s3 + [17, 18]s2 + 35, 36]s + [20.5,21.5]

(26)

This higher order interval system can be represented
as four Kharitonov higher order transfer functions
given as:

352 +17.5s + 15

Gl(s) =
308) = 33 185 1 355 1 205
352 +18.55 + 15
Gy(s) = s
253 + 1852 + 365 + 20.5 (27)
Gi(s) 2s% 4+ 17.55 + 16
S) =
3 353 + 1752 + 35s + 21.5°
252 +18.55 + 16
Gi(s) = .
308 = S 175+ 365 1 215
From the first Kharitonov transfer function:
352 4+ 17.55 + 15
G3(s) (28)

T 353 1 1852 + 355 + 20.5°

Step 1: Bifurcating the denominator of the above
Higher Order System (HOS) in even and odd parts,
we get the stability equations as:

2

D! (s) = 20.5 + 185> = 20.5 {1 + 1514} ;o (29)

Dy (s) = 355 + 3s® = 35s [1 + (30)

§2
11.67]°
Now by discarding the factors with large magnitude

of 22 and p? in D?(s)and D" (s) respectively, the sta-
bility equations for the second-order reduced model are
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given by:
2
Dr =2051+—
o (s) 05[ —|—1'14],
Dg(s) = 35s,
o (31)
D; = D¢ (s) + Dg(s),
—20.5 + 17.9952 + 35s,
=352 +1.94s+ 1.14.
The reduced model:
b b
Gl(s) = 2 L0 (32)

52 +1.94s + 1.14°

Step 2: By using Pade approximation method For the
first Kharitonov transfer function:

Bi2s® + Bi1s + Bio

G;l = s
3(¢) Ay3s3 4+ Ajgs? + Ajis + Agg (33)
B 3524+ 17.55 + 15
353 4+ 1852 + 355 +20.5
The reduced denominator obtained by Step 1:
b11s + bio b115 + bio
Gl(s) = = 34
T(S) a1282—|—a118+a10 52 4+1.94s +1.14° ( )
1 i
Eqi = . By — ;AuEl(iﬂ‘) ) (35)
1 i
eri = — |by — Zaljel(i—j) ) (36)
aio T
j=1
Eli = €14- (37)
Substituting i=0 in Eq. and Eq. :
@ — bﬂ (38)
Ao awo’
15 b10
P 39
205 1.14° (39)
b1g = 0.84. (40)
Substituting i=1 in Eq. , Eq. and Eq. :
b11 = 0.97222. (41)
Then reduced numerator is:
N}(s) =0.97s + 0.84. (42)

The reduced order of first Kharitonov transfer function

is:
0.97s +0.84

1 _
G2) = Z oty L1d

(43)

Same as for remaining Kharitonov transfer function
the reduced order transfer functions are:

1.03s 4+ 0.84

G2(s) = ——>5 T U0
2(8) = 395 T 114’

(44)
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f 1.03s + 0.94
3
_ 4
G2(8) = 55065 1 1267 (45)
1.08s + 0.94
G3(s) = (46)

5242125+ 1.26°
Therefore, finally reduced order interval model ob-
tained by using Eq. :

[0.97,1.08]s + [0.84,0.94]
[1,1]s2 + [1.94,2.12]s + [1.14,1.26]

Comparing this with model order reduction using Mi-
hailov criterion and Cauer Second form in Eq. [10].

Ga(s) = (47)

Proof for Stability

According to [I1], the necessary and sufficient condi-
tion for robust stability of interval polynomial for order
n = 1 and n = 2 is positive lower bounds on the co-
efficients. The denominator of Reduced Order Interval
Model (ROIM) obtained by the proposed method is:

Dy (s) = [1,1]s% + [1.94,2.12]s + [1.14,1.26].  (49)

It is seen from the denominator of ROIM from the
Exm. [I| that the lower bound coefficients are positive,
hence it can be stated that the system is robustly sta-
ble.

The step response of the proposed reduced interval
system compared to [I0].

Tab. 1: Comparison of integral square error for reduced interval
system model.

Method of ISE for ISE for
order reduction lower limit | upper limit
Proposed Method 0.0019785 0.00174763
(D.Kranthi Kumar,

S.K.Nagar and J.P.Tiwari, | 0.0089 0.0113
October 2011)[10]

It has been observed from Fig. [[ and Fig. [2] the step
responses of the lower and upper bounds of the origi-
nal higher order interval system and the reduced order
interval model obtained by the proposed method are
closely matching. And thereby the reduced order in-
terval model retains the stability. It is observed that
the time moments of the original system and model ob-
tained by the proposed reduced order system matches,
and also has better matching of transient and steady
state response than [I0]. It is also observed from Tab.
that the ISEs of the lower and upper bounds of the re-
duced order transfer functions model obtained by the
proposed method are lesser than the method given in
[10]. As the method in [I0] uses the interval arithmetic
for order reduction, thereby sometimes generates un-
stable reduced order interval models for stable higher
order interval systems. Whereas the proposed method
generate stable models by the use of Kharitonov’s the-
orem. Hence the proposed method avoids the difficulty
of generating unstable models.
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[11.1949, 20.3706]s + [14.1674, 16.9413]

RQ(S) =

Step Response
T T

o
0

Ampgtude
'S

o
W

original —
proposed
------ mihailov-cauer

\ .
3 4 5 6
Time (seconds)

Fig. 1: Step response comparison of lower bounds.

Step Response
T T

.....................
...................

original
proposed
----- mihailov-cauer

\ .
3 4 5 6
Time (seconds)

Fig. 2: Step response comparison of upper bounds.

Example 2. Consider a higher order interval system
[12):

Gn (5) =

0 [1.9,2.1]s% 4 [24.7,27.3] 5+
~ [0.95,1.05]s7 + [8.779,9.703] 5+
+[157.7,174.3] 5%+

T [52.23,57.73]55 + [182.9,202.1]s%+
+[542, 599]s3 + [930, 1028] 52+

1[429.1,474.2]s% + [572.632.7]s+

+[721.8,797.8]s + [187.1, 206.7]

1[325.3,359.5]s + [57.35, 63.39)]

(50)

This higher order interval system can be represented as
four Kharitonov higher order transfer functions given
as:

Gi(s) =
2.15% 4+ 24.7s% + 157.55* + 59953+

T 1.0557 + 9.70355 + 52.2355 + 182.9s4+
+10285s2 + 721.8s + 187.1

" 474.253 + 632.75% + 325.35 + 57.35

(51)
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[17.0011, 18.0007]s? 4 [31.3826, 33.6111]s + [20.3061, 21.2052]

(48)

Gis)=
2.1s5 + 27.3s% + 157.5s* + 54253+

0.9557 + 9.703s5 + 57.73s5 + 182.9s54+
+1028s% + 797.8s + 187.1

" 429.18% + 632.752 + 359.55 + 57.35
G3(s) =

1.985 +24.755 + 174.3s* + 59953+
1.045s7 + 8.77955 4 52.23s5 + 202.1s4+

+930s2 + 721.85 + 206.7

+474.283 + 474.252 + 325.3s + 63.39°

Gi(s) =
1.955 +27.355 + 174.3s* + 54283+

1.0557 + 8.77956 + 57.755 + 202.1s*+
N 193052 + 797.85 + 206.7
142953 + 572.552 + 359.55 + 63.39

(52)

The reduced order of four Kharitonov transfer func-
tions obtained by using Step 1, Step 2 in Proposed
Method described in section [3.] is as follows:

721.85 +187.1

Gl(s) = 55
2(5) = 157552 1 32535 1 5735 )
79785 + 187.1
G2(s) = 56

2(8) = G157552 1 350505 1 57357 0
721.85 4+ 206.7

G3(s) = 57

2(5) = 5192052 1 325305 + 6330”1
797.85 + 206.7

Gi(s) i (58)

~ 549.295% + 359.505 + 63.39
Therefore, finally reduced order interval model ob-

tained by using Eq. , in Eq. :

Gals) = [721.8,797.8] s+ N
[549.29, 615.75]52 + [325.3, 359.5]5+
+[187.1,206.7]
" ¥[57.35,63.39]

(59)

The reduced order interval model is compared with
well-known methods in literature. The reduced order
interval model obtained by using a method from [4]:

[1.61,1.84]s + [0.27,0.53]
[1,1]s% + [0.52,0.83]s + [0.08,0.16]

Roy(s) = (60)

The reduced order interval model obtained by using a
method from [12]:

RQS(S) =
[260.955,861.331]s + [175.232, 218.581]
[364.72, 366.62]s2 + [281.08, 282.35]s + [59.74, 61]°
(61)
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Proof for Stability

According to [I1], the necessary and sufficient condi-
tion for robust stability of interval polynomial for order
n = 1 and n = 2 is positive lower bounds on the co-
efficients. The denominator of Reduced Order Interval
Model (ROIM) obtained by the proposed method is:

D5 (s) = [549.29,615.75]s% + [325.3, 359.5]s+ (62)
-+ +[57.35,63.39].

It is seen from the denominator of ROIM from the
Exm. [I] that the lower bound coefficients are positive,
hence it can be stated that the system is robustly sta-
ble.

Tab. 2: Comparison of integral squared error for reduced inter-
val system model.

Method of ISE for ISE for
order reduction lower limit | upper limit
Proposed Method 0.8989 0.2029
(Bandyopadhyay) [4] | 2.2599 5.954
(Selvaganesan) |12 3.0105 4.0216

The step response of the proposed reduced interval
system compared to [4], [12].

Step Response
T

Amplitude
~

original 4
proposed

------ Bamdyopadhyay

<= .= Selvaganesan

L L L L
0 5 10 20 25 30

15
Time (seconds)

Fig. 3: Step response comparison of lower bounds.

Step Response
T T

N

Amplitude

original —
proposed

------ Bamdyopadhyay

- — -~ Selvaganesan

| L L L
0 5 10 15 20 25
Time (seconds)

Fig. 4: Step response comparison of upper bounds.
It has been observed from Fig. 3] and Fig. [4] the step

responses of the lower and upper bounds of the origi-
nal higher order interval system and the reduced order
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interval model obtained by the proposed method are
closely matching. And thereby the reduced order in-
terval model retains the stability. It is observed that
the time moments of the original system and model ob-
tained by the proposed reduced order system matches,
and also has better matching of transient and steady
state response than [4] and [12]. It is also observed
from Tab. 2] that the ISEs of the lower and upper
bounds of the reduced order transfer functions model
obtained by the proposed method are lesser than the
methods given in [4] and [I2]. The methods given in [4]
and [I2] use the interval arithmetic for order reduction,
thereby sometimes generate unstable reduced order in-
terval models for stable higher order interval systems.
Whereas the proposed method uses the Kharitonov’s
theorem for order reduction; hence it avoids the diffi-
culty in generating unstable models.

4. Conclusion

In this paper, a biased method of order reduction is
proposed. The reduced model of denominator polyno-
mial is obtained by using the stability equation method
and the numerator is determined by the Pade approx-
imation. It has been observed that the time moments
of the reduced order model obtained by the proposed
method matches with the original system. In [4], [10],
and [I2] the reduced order interval model is obtained
by using interval arithmetic, hence the use of interval
arithmetic, sometimes generating unstable reduced or-
der model for stable higher order interval system. The
proposed method guarantees the stability of reduced
order model if the original system is stable and mini-
mizes the ISE. The response of the reduced model is
good.
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