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Summary For any two observables on a full tribe we can always construct a two—dimensional observable. In this case the crucial
role is played by pointwise multiplication of the functions of tribe. Rie¢an and Mundici, ([6]) studied semisimple M V-algebras
enriched by an additional product operation. The abstract product operation on MV-algebra is relating with the natural pointwise
multiplication of functions. The sequential product on effect algebras defined by Gudder and Geechie, ([3]) is based on the similar
idea as above. In this paper the meet function as a generalization of the product is defined and the properties of D—posets with meet

function are presented.

1. BASIC NOTIONS

D-posets  ([5]), or effect algebras ([2]), are joint
generalizations of the classical algebraic structures,
which are algebraic models of the quantum mechanics
and the fuzzy sets theory systems. In these systems the
important roll play the MV-algebras ([1]), which are
a non—commutative generalization of the Boolean
algebras. Examples of oc—complete MV-algebras are
given by tribes, a generalization of c—algebras of sets.

A state and an observable are the basic notions of the
probability theory on MV-al gebras.

Definition 1. ([5]) The structure (2, <, ™, 1) is called
a D—poset if b ™a is defined iff a < b and

(D1) b™a<b.
(D2) b™(bh™a)=a.

(D3) Ifa<b<c,thenc ™Mb<c™gand(c Ma) ™
(c™b)y=b™aq.

The partial sum operation on D—poset is defined by the

following formula

a©b=1™((1™g) ™p)

for a, bsuchthatb<1 ™gq,

D-poset which is a lattice is called D-lattice. In this case
the difference operation is totally defined and
b—a=b™(@aTh).

Definition 2. ([4]) The structure (?, <, —, 0, 1) is called a
boolean D—poset (MV-algebra) if b — a is defined for

every a,b 5 7 and the following conditions are satis—
fied:

(BD1) a—0=aforeverya 5P

(BD2) a, b3? a<bimpliesc—-b<c-a for every
c5e

(BD3) b—(b—a)=a—(a->b)foreveryab5 P.
(BD4) (¢-b)—a=(c—a)-bforeveryab,c5 P

The lattice operation, meet of elements a,b from ? is
defined as
aTb=b-(b-a)=a-(a-D>).

Definition 3. ([6]) A product on MV-algebra ¢ is a
commutative and associative binary operation on M
satisfying the following conditions, for all a,b,c 5 M.

Pl) 1Pa=a.
P2) c®Pb-a)=cPb-cPa.

The product on MV-algebra M has the following
properties.

Proposition 1. ([6]) Let M be an MV-algebra. Then
a) 0Pa=0foralla5 M.

b) Ifa<bthena®c<bdcforallc5 M

¢) a—adc<1-b.

d) a-(1-b)<ad®b<aThb.

e) Ifa—(1-b)=0thenc ®(a@®© b)=cPa©cP
b.

Definition 4. ([3]) A commutative sequential product

on an effect algebra Z is acommutative binary

operation on Z satisfying the following conditions, for

alla, b, ce E:

(GGl) 1®Pa=a.
(GG2) Ifalbthenc®al cPband
cP@®© b)y=cPa©cdb.

The property (GG2) we can write by the operation
difference as follows:

Ifa< bthenc®as cPbandc P (b-a)=cPb-c¢
D a.

The product a ® b of elements a, b from MV-algebra P

provides the elementd, d < a, b such thata— d<1 —b.
About such element d says too the notion of the
compatibility of elements a, b from a D—poset.

Definition 5. ([4]) Two elements a, b of a D-poset are
compatible, if there exists an elementd 52, d<a, d <
b, suchthata ™Md<1 ™.
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2. MEET FUNCTION ON D—POSETS

The element d in the previous definition is not unique in
general. In the classical case the element d is a
unique andd =a T b.

In an MV-algebra every two elements a, b are
compatible and

(comp) a—(1-b) <d< anb.

The product a ® b of elements a, b of an MV-algebra is
one element of the elements d fulfilling the definition 5.

Exapmle 1. Let an MV-algebra is a unit interval [0, 1]
with the difference y —x = max {y —x, 0}, y —xisa
difference of reals. Then

max {y+x-1,0} < d < min {x, y}.

By the comparison of the properties d) and (comp) we
may to admit the idea of a generalization of the product
on MV-algebras and on D-posets in the following way.

We will to define a function &: 2 X P —2, such that the
product of elements a, b is one example of the function

3.

Definition 6. Let (2, <,0, 1, ™) be a D-poset. A meet
function on ? is a map &: P X P —P fulfilled the
following conditions for every a, b, c € P.

J1) d(a b)=3(b, a)

J2) 8((a b)yc)=5(c,d (b, ).
J3) s, a)=a.

(J4) Ifa<b, thend (a, c)<6 (b, ).
J5) a™ad(a b)<1™b.

Example 2. The product on an MV-algebra #is a meet
function on M.

Example 3. The commutative sequential product on an
effect algebra 4 is a meet function on 4.

Example 4. Let S be a c-algebra of subsets of a non-
empty set Z. Let xa, (xa = A) be a characteristic function
of aset A < 2z The map 6: SX S-S5, 6 (A, B) =ya . X8
is a meet function on S.

Example 5. Let £ be a D-lattice. Then the following
two maps 8: LX L—>L

Omax (@, b)=b—(b—-a)=a-(a-b)=anb
Omn (@, b)=b-(1-a)=a-(1-b)=a.b
are meet functions on L.
The meet function has the following properties.

Proposition 2. Let a, b are the elements of D-poset 2.
Letd: PX P—P be a meet function on 2. Then

(i) 6(a, b)< a, b.
(i) 8 (a, 0) =0.

Proof. The assertion is a straightforward corollary of
the properties (J3), (J4). O

Proposition 3. Let 3: X ?—?P be a meet function on
D-lattice ?. Then

Omin (@, D) =a.b<6 (a, b) <aTb=05(a, b)
for everya, b e P.

Proof. We recall that in this case the difference
operation is total and b —a = b ™ (a T b). From the
property (J5) of the meet function and from the
properties of the difference we have

a—-(1-b)<a—-(a-9(a, b)) =95 (a, b).
From the property (i) 6 (a, b) < an b. a

Theorem 1. For the meet functions 6,,x and 6,;,, on a
D-lattice £ the following inequalities hold for every a,

bce L,as< b
@) b-a).c £ (b.c)—(a.c),
i) W—a)rc>=bArc)—(anc).
Proof. Leta, b,c € £,a< b.
(i) Then b—a<b—(a— (1 —c)) and so
b-a).c=(b—a)—(1-0¢)
=((b-a)= (1= Ab) Vv ((b-a) -Db)
=(b—a)—(1-c)Ab)
<(b-(@(1-c))=((1-c)Ab)
=(b=(1=c)A b)) ~(a—(1-0)
=(b.c)—(a.c)
(i1) For assumtions we have b > b A ¢ and
b—a>bnac)—a
=(bAarc)—(bArc Aa)
=(bAc)—(cAa).
Then(b—a)Arc >2(bArc)—(cAra) Ac
=(MbArc)-(cAa),
because (b A c)—(c A a)) <c. O

Theorem 2. Let d: P X P—P be a meet function on D—
poset P. Then the functionc: PX P— P,

o(a, b) =1™((1™b) ™a ™3 (a, b)))
fulfils the following conditions:
i) o(ab)=1™((1™a) ™b ™S8 (a, b))
(i) o (a b)>a, o(a b)>b.
@iii)) o (a, b)) ™Ma=b ™53 (a, b), or

6(a, b)) Mb=a ™34 (a, b)

respectively.
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Proof. To prove the assertion (i) we start from the
expression (1™b) ™ (a ™ 3§ (a, b)). Then

(1™p) ™ (¢ ™3 (a, b))

=(1™p) ™ ((1 ™3 (a, b)) ™(1 ™ a))

= (1™5) ™[((1 ™3 (a, ) ™ (b ™5 (a, b))

™(1™a) ™ (b ™38 (a, b)))]

=(1™p) ™[(1 ™p) ™ ((1 ™qa) ™hH ™G (a, b)))]

=(1™qa) ™(b ™S (a, b)).
So the equality

1L ™M((I™b) ™ (a ™38 (a, b))

=1™((1™a) ™(b ™38 (a, b))
is true.
(ii) Because (1™a) ™ (b ™5 (a, b)) £ 1 ™a we have
a=1™(1™gag)<1™({(1™a) ™b ™3 (a, b)) =o(a, b).
Similarly ¢ (a, b) > b.
(iii) We calculate

c(a b)™Ma=[1™((1™a) ™(b ™5 (a, b))|™a

=1 ™a)((1™a) ™b ™8 (a, D))
= (b ™3 (a, b)).

Similarly o (a, b) ™Mb =a ™3 (a, D). ]
Definition 7. The function ¢ (a, b) on a D—poset is
called ajoint function.
3. CONCLUSION

The D—posets or MV-algebras are aximatic models of
the non—Kolmogorovian (non—-commutative) probability
theory. The basic notions in this case are the state
(probability measure) and the observable (random
variable).

The meet function on D—posets defined in this article is
a generalization of the product on MV-algebras, so it
will to play a crucial role in the construction of the two—
dimensional observable.

The assertions of Theorem 2 are very interesting for D—
posets with states and observables on its. For examle,
the assertion (iii) of this theorem implies the valuation
of the state.
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