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Abstract. A single-tier downlink Non-Orthogonal
Multiple Access (NOMA) network is considered in this
paper where analytical framework is given for perfor-
mance evaluation. Particularly, the outage probability
at the downlink users is studied under the impact of im-
perfect Channel State Information (CSI). The inter-
cell interference and the intra-cell interference are also
taken into consideration to capture practical behav-
iors of the proposed system. Further, we also adopt
the Poisson Point Process (PPP) to model the loca-
tion of the base stations and the downlink users in
this work. For the imperfect CSI scenario, the re-
sults point out that the more times the user spends on
performing interference cancellation, the more severe
the user is affected by channel estimation error and
vice versa. The results for the outage probability ex-
pressed in the analytical-forms are then confirmed by
the Monte Carlo simulations.
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1. Introduction

In recent years, applying Non-Orthogonal Multiple
Access (NOMA) in 5G networks has been attracting
much attention among researchers [1], [2], [3], and [4].
In specific, NOMA allows multiple users (UEs) share
the same radio resources, e.g., frequency /time, by uti-
lizing Superposition Coding (SC) at the transmitters
with different allocated powers so that the receivers
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can extract the desired messages from the superim-
posed mixture via Successive Interference Cancellation

(SIC) 5.

Many studies about NOMA have been reported in
the literature. The authors in [6] studied the Power
Allocation (PA) strategies that ensure fairness among
downlink users. In [7], the authors investigated
the performance of downlink NOMA and downlink
OMA in multicell network which include a collection
of small-cell base station BSs and pointed out that
NOMA can achieve higher performance gain compar-
ing to Orthogonal Frequency Division Multiple Ac-
cess (OFDMA). The authors then extend their work
in [8] where both uplink and downlink NOMA in dense
small cell networks with two user-pairing strategies,
namely random pairing and selective pairing, compar-
isons of the proposed strategies are also given. Authors
of [9] consider imperfect CSI in NOMA assisted single-
cell network in terms of outage probability and average
rate which shows that NOMA can still achieve higher
performance than the conventional Orthogonal Multi-
ple Access technologies (OMA).

In single-tier networks, inter-cell interference con-
tributes as a performance-limiting factor and thus
should be carefully studied. To addressed this prob-
lem, many stochastic geometry models have been pro-
posed. In [I0], authors model the location of the Base
Station (BS) in a multicell network using homogeneous
Poisson Point Process (PPP) and shown that the per-
formance of homogeneous PPP models is bounded
by that of the empirical models. The application
of the PPP model to characterize the coverage per-
formance of the wireless network in the UK is stud-
ied in [II] where it shows an insignificant difference
with the realistic model and proved to be not only
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more accurate but also more tractable than the grid-
based model [I0]. In the application of PPP in NOMA,
the authors in [12] adopted multiple Poisson Cluster
Processes, which are originated by the baseline homo-
geneous PPP, to model the uplink NOMA. Further, ap-
plication in characterizing the impact of multiple types
of randomly deployed interference in NOMA is studied
in [13]. The works in [§] and [9] also adopt the homo-
geneous PPP model to study the impact of inter-cell
interference in dense small cell network.

In the above works, perfect CSI is assumed
in [T, 2, Bl, [, 6], [7], and [8]. Considering im-
perfect CSI, the work in [J] addressed the dynamic
movement of multiple download users inside a circu-
lar area. In addition, the recent work in [I4] proposed
a downlink multi-user NOMA system where the loca-
tion of users is fixed. It is shown that imperfect CSI
affects the performance at each downlink user as stated
in [9] and [T4].

However, the aforementioned works are limited
to a single-cell scenario. For the sake of practical
deployment of NOMA in multicell networks, the im-
pact of estimation error should be carefully inves-
tigated since estimating the CSI perfectly produces
significant overhead, which is extremely severe with
a vast amount of small devices. To fill up the gaps in
the above works, our motivation is to focus on the im-
pact of imperfect CSI in the downlink NOMA multicell
network using stochastic geometry tools and the model
in [I5], [16], [I7], [18], and [19].

Our contributions can be reported as providing
system performance by stochastic geometry to indi-
cate the performance of a dense network. We find
the closed-form of expression.

The rest of the paper is organized as follows.
Section [2.]introduces the system model. Section [3.]
studies the outage performance of the system.
In Sec.[4.] we provide simulation to validate the re-
sults in Sec. (3.1 Finally, Sec.[5.]is the conclusion.

2. System Model

This paper studies a NOMA-assisted downlink single
tier network comprising a collection of BSs and down-
link NOMA users (UEs). The locations of BSs are cap-
tured by a Homogeneous PPP (HPPP) with intensity
Ap, denoted by ®;, such that:
®y 2 {bo, by, b, ...,Vb; € R? i > 0}. (1)
Now, we assume that the locations of UEs are mod-
eled by independent stationary point processes and
each NOMA user is associated with the closest BS,
thus UEs are located inside the Voronoi cell of the BSs,
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forming the Voronoi tessellation as in Fig. Note
that the disadvantages and advantages of the underly-
ing HPPP model are already well presented in [I0].
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Fig. 1: A realization of the single-tier downlink NOMA with
dense deployment of BSs.

Let R; be the distance between an U E; and its asso-
ciated BS and all R; are independently and identically
distributed random variables (r.v.’s) following Rayleigh

7 o

the Probability Density Function (PDF) of the nearest
neighbor distance R; is given as:

distribution with mean In other words,

fri(r) = 2 Ayre M p > 0,

(2)

Denoting r; = hiRi— 2 as the channel between each
UE; and its associated BS, in which h; follows circular
complex Gaussian distribution with zero mean and unit
variance, and 7 denotes the path loss exponent.

In practice, obtaining perfect CSI causes significant
overhead at the receivers, not to mention high com-
plexity in the receiver architecture. Hence, the prac-
tical imperfect CSI model is adopted in this paper
where we assume error-free and instantaneous feedback
link [I5] and [16]. Assuming Minimum Mean Square
Error (MMSE) is adopted for estimating information
channels, thus [I7], [1I8], and [19].

3)

in which &; ~ CN(0,02) is the zero mean complex
Gaussian random variable with variance o2 reflect-
ing the accuracy of the channel estimation module.
The estimated channel 7; is independent with the input
channel r;, where E{|7;|*} = R; " —02,0< 02 < R;".
Denoting 6. = 02R] as the normalized estimation er-
ror, thus E{|7;|*} = R;"(1 — §.) with 0 < 4. < 1.

Ty =T + &,

Assuming unit frequency reuse among all cells, thus
the inter-cell interference observed in the typical cell
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is originated from all other BSs b;, Vk # 0. Hence,
the aggregated inter-cell interference received at UE;
located inside the Voronoi cell of the tagged BS by
can be modeled as:

agg A -
I7,' - § fk,iRk77;Pb7
Vke o

(4)

in which fi; ~ CN(0,1) and Ry ; denotes the chan-
nel coeflicient and the distance of the interfering chan-
nel from the BS k to UE;, respectively, whereas P, is
the transmit power of all BSs. In this paper, we assume
that the UE; are ordered as:

7y [?
= I}@:[gnggz’

|71 [? |72|?
[099 1 g2 = [399 4 52 ="

()

where 2 denotes the Gaussian noise variance at UE;.
Let P; be the power allocation for the UE; with

N
Z P; = 1. Accordingly, NOMA schemes orders the P;

=1

as P| > P, > --- > Py to elevate downlink user fair-
ness [6].

2.1. Information Transmission

Considering the typical cell of the BS located at
by € ®p, the analysis inside this cell reflects the spatial
average of the entire system according to Slivnyak’s
theorem for stationary point processes [20]. Let s; be
the unit energy signal intended to UE;, 1 < ¢ < N,
respectively. According to NOMA principle [I], [2],
[3], and [4], the transmitted signal at BS is coded

to form the superimposed mixture of UE;’s signals as
N

Ty = Z v/ P;s;, thus the received signal at UE; is given
i=1

by:

a
yi =/ Poxpr; + 1799 +n; =
= VPBPuxr +
N————
information signal

N
+ Vb Z Pysy7i + I} 4 \/ Poxiei + ny,
k=1,k#i

interference-plus-noise
(6)
in which n; ~ CN(0,0?) denotes the Gaussian noise
with E{n;} = 0 and E{|n;|?} = o

The decoding process at each UE; via Successive In-
terference Cancellation (SIC) is explained as follows.
One-by-one, each UE; decodes the messages of UE;
where j = 1,2,...,4 while being affected by the intra-
cell interference from others UE, ¢t € [j + 1, N]. Fur-
ther, whenever s; is successfully retrieved, the UE; sub-
tracts it from y;. The processes, i.e. the decoding and
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the canceling of the signal s;, are looped till s; is re-
trieved. Subsequently, the received instantaneous rate
at the i-th paired user is given by:

P, P;|7;|?
Pbpj+1|7:i|2 —f—[;qu —‘erO'g +02

(7)
where Pj = 3"}7 P, with 2 < j < N and Py41 = 0.

Rj*} i = 10g2 (1 +

By denoting v; = (|7|%)/(I%Y + Pyo? +0?) as
the ordered Normalized Estimated Channel Power
Gain (NECPG) at the UE;, the above equation be-

comes:

P; Pyy;
R i=logy, | 1+ Jiw . (8)
P 1Py +1

Further, from Eq. it is predicted that
1 S < <Yy

3. Performance Analysis
3.1. Unordered/Ordered NECPG
Distribution

In prior to evaluate the outage at the UE;, the calcula-
tions for the Cumulative Distribution Function (CDF)
of the unordered NECPG, namely v;, and the ordered
NECPG are required. First, the CDF of the unordered
W is given as:

|7
F =1-P =
5, () r{]fgg+Pb0§+02 >

I* 4 Pyo? + 02
=1—Ep o9 ex —=t < .
R““g{ p( R0-6)
(9

Using the definition of the expectation operator,
o]
Ex = fx(x)dz, thus Eq. @D can be derived

0
by Eq. (12) at the top of the next page, where
Lyosa(s) = E{e~*!"""} specifies the Laplace transform
of I at point s and is given by Eq. (5) in [7] as:

2 [ 1
Lress(s) = exp (— T (8Py) ™ / ,,da?).
' (

st/r’?)_% 1+22
(10)
Plugging the above result into Eq. and then
applying the change of variable {( = r?, the CDF
of the unordered NECPG is rewritten as:

i B o) 65 ,¢0_2
Fwi(¢)_1—mb/0 exp{— VT 5¢

wP, \ 7 [ 1
_7T)\b|:1+<1_68> /(11/)_1}2)% Mdl‘](}d(
(11)

n
2
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24+ Pyb.r "+ o2

w) = /r>0 /z>0 P (_

/ ( PyS.r~" + o2
=1- exp | —
>0

In general, the above Eq. cannot be further eval-
uated in closed-form with all possible values of . How-
ever, with 7 = 4, the second integral part can be sim-

plified as:
). oo
€

/OO 1 n =4
, —dxr = arctan
(i@b)‘ﬁ 14+ z2

and then adopting Eq. (2.3.15.4) in [21]], the unordered
NECPG can then have the closed-form as:

VB,
1-6

o1 TV Q)|
o) =1- Gt {5 "
S (Q@))Z
PlUT-e R(W)) |
in which erfc(z) = 1—— / ~2* 4z denotes the com-
plementary error function, R(z)) £ 2 1_ 55 and:
QY) £y 11/:Pg€ arctan ( 11/)P25> (15)

Utilizing the above results, the CDF of the or-
dered NECPG measured at 1 can then be derived by
the Eq. (9) in [22] as:

Fy () = 1= pui(l = Fy ()N, (16)
v=1
in which:
NN Vi1 ‘
3.2. Outage Probability

In downlink NOMA systems, the outage probability
at the receiver is defined as the probability it decodes
its own information signal. In other words, the prob-
ability at UE; is defined via the event UE; cannot re-
cover its own message s;, which occurs whenever R;_, ;
falls below the decoding threshold of s;, denoted as R;
(bits-s~! /suband) where j = 1,2,...,i. Mathemati-
cally speaking, this probability is formulated as:

P[‘}EgPr{U Rk_>i<Rk}.

k=1

(18)
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r=1(1—94;)

Mw) Lroos <T_n(1w_5€)> fr,(r)dr,

7/’) frass (2)dz fr,(r)dr =

Using the set intersection notation, one can reduce
Poutg
UR, 8

P[Oﬁf:igzl—Pr nRj*)ZZRj 5
Jj=1

(a) 1 ;
2 mefus & ()] oo
PbV]E[lz] —TJPj+1

i 1
© Fy, | max <TJA> = |>
Vi€(1,1] Pj — Tij+1 P,

where 7; < —2— for j € [1,i], ; & 2% — 1, (a) is

j+1
obtained by substituting Eq. into Eq. with
some algebraic steps whereas (b) is due to the definition
of the cdf.

4. Simulation Results and
Discussion

The section aims to provide numerical exam-
ples for the outage performance of the model.
In Fig. 2 and Fig. 3] the number of paired users is set
to 2. In this section, the simulation results for P{}gg
are obtained from Eq. (| with R;_, ; in Eq. (7)) and
average over 5-10% 1terat10ns Accordingly, the analyt—
ical results for n = 4 are from Eq. in which the cdf
of the ordered and the unordered NECPG, Fy, () and
Fy, (1), are given by Eq. and Eq. , respectively.
Forn # 4, the cdf F, () in Eq. is adopted. Other
default settings are introduced in Tab.

Tab. 1: Default settings.

Parameter Value
Carrier frequency 2 GHz
Bandwidth 20 MHz
Noise power density —84 dBm-Hz !
Pathloss exponent 4
Density of the base station 10=3.m—2
Transmit power of each BS 0 dBm

Figure [2 and Fig. [3] present the outage probability
Pffglg and ngf under two values of the normalized
estimation error, i.e., 6 = —10 dB and §. = —20 dB.
From the provided figures, it is shown that the analyt-
ical and the simulation formulas are matched well with
each other, which validates our analysis.
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Fig. 2: Outage probability at each UE;
Ro = 0.2 bits.s—1-Hz~! and P; = 0.9.

with N = 2,

To explain the behaviors of P{}%’;g in terms
of R; in Fig. we then go over Eq.
which shows that Pg%tlg and Pgétzg are the func-

t f 71 d ( 1 T2 )

ions of —————— and max(————, =), respec-
P — Pm Py — Py Po P

tively.  Further, under the provided settings, we

1

1.49 and ~ 0.08-2.55 with

T2
have — =

_ 2 P — Py

Ry = 0.1-1.5 bitss7"Hz7!.  Accordingly, when

R; < 1.12 bits-s~1.Hz ! max(L E) _ 2
! ' ’ Py — Py’ Py P

which makes P[OJ%Z] independent of R, and thus results
in an invariant outage probability at UEs in the regime
Ry = 0.1-1.12 bits-s""-Hz~'. As R; increases beyond
the previous values, i.e., Ry > 1.12 bits-s™'-Hz !, both
Pg]f:tlg and Pgl]f:tzg then vary accordingly. In Fig.|3| as Ry
increases from 0.1 bits-s™1-Hz~! to 1.5 bits-s~1-Hz 1,
T1 2 T2

— =) = = = 0.72-18.28, th k-
Pl_PQTl’P2> P2 B ’ s maﬁ

ing P{}%t;] solely depends on Rs and independent of Ry

max(

whereas Pg%tlg only depends on R; regardless of Ry be-
ing varied. Hence, as observed, the outage performance
at UE; deteriorates dramatically, whereas that at UE;
remains unchanged.

In addition to the impact of target data rates, differ-
ent values of §. also affect the performance at both
UEs. However, the impact of estimation error on
UEq, i.e., the user with higher NECPG, is more severe
than on UEq, as observed from both Fig.[2] and Fig.
The reason is that estimation error presents when
the UEs decodes both s; and s, whereas it only
presents one time at UE;, i.e., when this user de-
codes its own message. Hence, it can be predicted with
N > 2, the impact from incorrect channel estimation is
dominant at the UEy and less severe at UE_1 and so
on whereas UE; will be affected the least.
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(N) where R; = 0.2 bits-s~1-Hz~! and 6. = —10 (dB).

In Fig.[4 the system outage probability is defined as

N
1— H(l - P{}lgf ) with the PA coefficient at each user is

(aN—it+1_

v D Tt is observed that higher value of n
Se-y

i=1

results in better system performance. The main rea-
son is that although higher path loss degrades the es-
timated channel power gain at each UE, it also sig-
nificantly reduces the impact of inter-cell interference
on the UEs. Further, as the number of paired UEs,
the system performance tends to reach one, whereas
N =2 is the optimal value.
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5.

Conclusion

In this paper, the outage probability of NOMA is eval-
uated with the aid of the stochastic geometry method.
The derived results expressed both in integral-form and
closed-form are validated via Monte Carlo simulations,
which can be scaled up to the N-UE NOMA case with
N > 2. Our study shows that by considering inter-cell
interference, the performance of the system is degraded
with a higher path loss exponent due to the high in-
terference level at each UE. Moreover, the user that
spends more time for SIC would be more severely af-
fected by channel estimation error.
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