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Abstract. In this research, the analysis of statistical
variations in subthreshold MOSFET’s high frequency
characteristics defined in terms of gate capacitance and
transition frequency, have been shown and the result-
ing comprehensive analytical models of such variations
in terms of their variances have been proposed. Ma-
jor imperfection in the physical level properties includ-
ing random dopant fluctuation and effects of varia-
tions in MOSFET’s manufacturing process, have been
taken into account in the proposed analysis and model-
ing. The up to dated comprehensive analytical model of
statistical variation in MOSFET’s parameter has been
used as the basis of analysis and modeling. The result-
ing models have been found to be both analytic and com-
prehensive as they are the precise mathematical expres-
sions in terms of physical level variables of MOSFET.
Furthermore, they have been verified at the nanometer
level by using 65 nm level BSIM4 based benchmarks
and have been found to be very accurate with smaller
than 5 % average percentages of errors. Hence, the per-
formed analysis gives the resulting models which have
been found to be the potential mathematical tool for
the statistical and variability aware analysis and design
of subthreshold MOSFET based VHF circuits, systems
and applications.
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1. Introduction

Subthreshold region operated MOSFET has been
adopted in various VHF circuits, systems and appli-
cations such as passive wireless Microsystems [I], low

power receiver for wireless PAN [2], low power LNA
[3], 4] and RF front-end for low power mobile TV ap-
plications [5] etc. Of course, the performances of these
VHF apparatuses are mainly determined by two major
high frequency characteristics of intrinsic subthreshold
MOSFET entitled gate capacitance, C; and transition
frequency, fr which is also known as unity gain fre-
quency.

Obviously, imperfection in the physical level prop-
erties of MOSFET for example random dopant fluctua-
tion along with those caused by variations in the manu-
facturing process of the device such as line edge rough-
ness and gate length random fluctuation etc., cause
the variations in MOSFET’s electrical characteristics
such as drain current and transconductance etc. These
variations are crucial in the statistical and variability
aware design of MOSFET based applications. So, there
are many previous studies devoted to such variations in
electrical characteristics such as [I], [], [7], [8], [9], [10],
[11], [12] which subthreshold region operated MOSFET
has been focused in [, [6], [10], [11], [12].

However, these studies did not mention anything
about the variations in Cj, and fr even though they
also exist and greatly affect the high frequency perfor-
mances of the MOSFET based circuits and systems.
By this motivation, analytical models of such varia-
tions in Cy and fr have been performed [13], [14]. In
[13], an analytical model of statistical variation in fr
as its variance expressed in term of the variance of
Cy has been developed which strong inversion region
operated MOSFET has been focused. Unfortunately,
such model is incomprehensive as none of any related
MOSFET’s physical level variable has been involved.
In [I4], the comprehensive analytical models of ran-
dom variations in Cy; and fr in term of their related
MOSFET’s physical level variables have been proposed
where strong inversion region operated MOSFET has
been focused as well. Since the subthreshold MOS-
FET has various applications which their performances
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can be strongly influenced by variations in Cy and fr
aforementioned, studies, analyses and analytical mode-
ling of these variations with emphasis on subthreshold
MOSFET have been found to be necessary.

According to this necessity, the statistical variations
in Cy and fr of subthreshold MOSFET’s have been
studied and analyzed in this research. As a result, the
comprehensive analytical models of these variations in
terms of their variances have been proposed. Unlike
previous works on variations in subthreshold MOSFET
such as [T, [6], [I0], [11], [12] which focus to DC charac-
teristics, this research is focused to variations in Cj
and fr which are high frequency ones. NMOS and
PMOS technologies have been separately regarded in
the analysis and modeling process according to some of
their unique physical level variables. Major imperfec-
tion in the physical level properties including random
dopant fluctuation and those effects of variations in
MOSFET’s manufacturing process which yield varia-
tions in MOSFET’s electrical characteristics, have been
taken into account. The up to dated comprehensive
analytical model of statistical variation in MOSFET’s
parameter [I5] has been adopted as the basis of this
research. The resulting models have been found to be
both analytic and comprehensive as they are the pre-
cise mathematical expressions in terms of MOSFET’s
physical level variables. Furthermore, they have been
verified at the nanometer level by using 65 nm level
BSIM4 based benchmarks and have been found to be
very accurate with lower than 5 % average percentages
of errors. Hence, the proposed analysis and modeling
gives the results which have been found to be the poten-
tial mathematical tool for the statistical and variability
aware analysis and design of subthreshold MOSFET
based VHF circuits, systems and applications.

2. The Proposed Analysis and
Modeling

Before proceeds further, it is worthy to give some foun-
dation on the subthreshold region operated MOSFET.
Firstly, the drain current, I; of subthreshold MOSFET

can be given by
2
g e Vgs - Vvt
q P kT /g

L "

where Cgcp, and n denote the capacitance of the deple-
tion region under the gate area and the subthreshold
parameter respectively. It should be mentioned here
that the necessary condition for operating in the sub-
threshold region of any MOSFET is V,, < V; which

w
I = lffcdepf

can be simply given as follows [I5]
‘/t = VFB + ¢s + Erjxlqtinstudeepa (2)

where Ny, tiny, Waep, Vrp and ¢ stand for the sub-
strate doping concentration, electrical gate dielectric
thickness, depletion width, flat band voltage and sur-
face potential respectively.

By using Eq. , the transconductance, g, of sub-
threshold MOSFET can be given as
o, W(RTY o [Voe = Ve
gm = n o derTy q P nkT/q

1—exp|— Vas
kT/q|]"
At this point, it is ready to mention about the pro-

posed analysis and modeling. Here, Cy can be mathe-
matically defined as [16]

3)

A dQy
Co = dVys’

where @), denotes the gate charge [I6] which can be
given by [17]

(4)
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It should be mentioned here that Q) p max denotes
the maximum bulk charge [I7]. By applying Eq. for
Iy in Eq. , Q4 of the subthreshold region operated
MOSFET can be given by

Q= [%} (Vgs = V2)?
3 [1 — exp [— k‘;fl/sq” exp [%(Vgs - Vt)]

(6)

So, C, of the subthreshold MOSFET can be given
as follows

- QB,max-
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nkT nkT

Hence, the subthreshold MOSFET’s fr can be
given by using the above equations as

f _ § :ucgep(kT/Q)S 1 — ex o Vds 2 .
T 72| 2nnL3CE, P kT/q
2q
q
3(Vgs - Vt)2 - %(Vgs - Vt>3
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By taking random dopant fluctuation and effects of
variations in MOSFET’s manufacturing process into
account, random variations in MOSFET’s parameters
such as Vi, W and L etc., existed. These variations
can be mathematically modeled as random variables.
As an example, variation in V; can be modeled as a
random variable denoted by AV, with the following
variance for uniformly doped channel MOSFET [I5]

(qtinv)2
€ox )

Of course, AV; and other variations which are
also random variables e.g. AW, AL and so on,
induce randomly varied C,; and fr denoted by
Cy(AV,,AW,AL,...) and fr(AV,,AW,AL,...) re-
spectively. So, variations in Cy and fr which are de-
noted by AC, and A fr respectively, can be mathe-

W LC,,
Caep kT /q

2 _ Nsudeep
SWL

(9)

O'A‘/t—

2

Vis
ACyn =2 d

matically defined as

AC, 2 Cy(AV:, AW, AL,...) = Cy, (10)

Afr 2 fr(AV;, AW, AL,..) — fr.  (11)

By using Eq. and Eq. , AC, can be given
based on NMOS and PMOS technology as ACyn and
AC,p respectively. On the other hand, A f7 can be re-
spectively given based on NMOS and PMOS technol-
ogy by using Eq. and Eq. as Afry and Afrp.
After performing the analysis by mathematical formu-
lations and approximations of various random varia-
tions in MOSFET’s parameters, ACyn, ACyp, Afry
and Afrp can be analytically given as in Eq. (12),
Eq. , Eq. and Eq. , where N,, Ng and Vg,
denote acceptor doping density, donor doping density
and source to body voltage respectively.

—1
[exp [— o /q} - 1] Voo = Virn = 265 — O3} \/2€siNa(26r + Var)|

Vi = Vip = 260% — C/2aes:Na 20 + Vap)|
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Afrp =
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(Vep — 1208| + Cot/2gesiNa(120 7| + Vip) — Vi) 71

Since these variations are random variablesi.e. they
are nondeterministic, it is reasonable to analyze their
behaviors via their statistical parameters which vari-
ance has been chosen as it is a most convenience one.
By using the up to dated comprehensive analytical
model of statistical variation in MOSFET’s parameter

(15)

[15] as the basis without uniform channel doping profile
assumption i.e. the MOSFET’s channel doping profile
can be non-uniform which is often in practice, the vari-
ances of these variations can be analytically formulated
via statistical mathematic based analysis as

2
Vys — Vip — 208 — Co.t\/2qes5iNo (20 F + Vip)

2 4¢°NessWaepL Vs 2 {
UACQN = W exp —F - 1 . 1 ) (16)
3Cacp(KT/q) /q Vip + 26r + Coi' \/2q€5iN, (20 r + Vip)
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where N.s¢ denotes the effective value of the substrate as [I§]
doping concentration which is now depended on the _ _
channel region depth, = as the channel doping profile is PAB AN E [(A — A) (B — B)] ] (21)
non-uniform. Let such channel region depth dependent o4\ 0%

substrate doping concentration be denoted by Ngyp(x),
Ncs¢ can be obtained by weight averaging of Ny (z)
as follows

> 2

Here, it can be seen that Eq. , Eq. , Eq.
and Eq. are analytical expressions in terms of
many related physical level variables of MOSFET. At
this point, the analysis and modeling of the random
dopant fluctuation and effects of MOSFET’s manu-
facturing process variation effects induced statistical
variations in subthreshold MOSFET’s C, and fr has
been completed where as their comprehensive analyti-
cal models of have been obtained as shown in Eq. ,
Eq. (17), Eq. and Eq. as results. These re-
sulting models can analytically and comprehensively
describe such statistical variations as they are analyt-
ical expressions in terms of many related MOSFET’s
physical level variables. Unlike the previous models
[13], [I4] which dedicate to the strong inversion region
operated transistor, these models are dedicated to the
subthreshold region operated MOSFET.

Wiaep

Neff =3 / Nsub(x) (1 -
0

dx
Wdep ’

T
Wiep

(20)

By using the resulting models, the statistical rela-
tionship between AC, and A fr of any transistor which
is of either N-type or P-type, can be analyzed. In or-
der to do so, their correlation coefficient must be de-
termined. Let A and B be random variables, their
correlation coefficient denoted by pap can be defined
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After applying the models, magnitude of the de-
sired correlation coefficient has been found to be unity
for both types of MOSFET. This means that there ex-
ists a very strong statistical relationship between AC,
and A fr of any certain device.

Furthermore, variation in any crucial parameter of
any subthreshold MOSFET based VHF circuit/system
can be analytically formulated by using the resulting
models. As a case study, analytical formulation of vari-
ation in the resulting inductance of subthreshold MOS-
FET based Wu current-reuse active inductor proposed
in [I] will be performed. This active inductor which
its original strong inversion region operated MOSFET
based version has been proposed in [I9], can be de-
picted as follows.

—1[ ™1
, e
vblo— | M2
J
Vb2 o—| M3 @

Fig. 1: Wu current-reuse active inductor [I], [I9].
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According to [1]], the resulting inductance, L of this
subthreshold MOSFET based active inductor is

Ca

L=—"—,
Im19m2

(22)
where Cy1, gm1 and g2 are gate capacitance of M1,
transconductance of M1 and transconductance of M2
respectively.

As a result, variation in L and its variance i.e. AL
and 03 ; can be immediately given by

A
AL =BG (23)
Im19m2
2
g
2 ACy
0%, = 2% 24
Ak Im19m?2 ( )

where ACy; and UzAcgl are a variation in Cgy; and its
variance respectively. It can be seen that 0% ; which
is of our interested can be analytically formulated by
using the resulting models. This is because 0% is a
function of UQACQI which can be determined by apply-
ing these models to M1. Moreover, it can be observed
that

TAL @ TAC,,> (25)
1
2
OAap 0 ——. 26
AL Im19m2 ( )

This means that AL is related to ACy; in a directly
proportional manner, so, ACy; should be eliminated in
order to prevent the occurrence of AL which makes the
active inductor under consideration become perfectly
reliable. However, ACy; cannot be avoided in prac-
tice. So, an alternative approach has been found to be
the minimizations of g,,1 and gm2.

3. Verification of the Results

In this section, the verification of these resulting mod-
els will be presented. The verifications of the resulting
models obtained from the proposed analysis and mod-
eling have been performed at the nanometer level based
on 65 nm level CMOS process technology. The 65 nm
level parameterized model based absolute standard de-
viations of ACyn, ACyp, Afrn and A frp denoted by
loac,~ vy loac,p v loagey | and |oa s, i respec-
tively, have been graphically compared to their 65 nm
level BSIM4 (SPICE LEVEL 54) based benchmarks
which are respectively denoted by |oac, |5, |0ac,s|B,
loafrn|B and |oaf.p|B. It should be mentioned here
that all necessary parameters have been provided by
Predictive Technology Model (PTM) [20]. Further-
more, all absolute standard deviations are expressed in
percentages of their corresponding nominal parameter
values. Finally, W/L has been chosen to be 100/9.

The comparative plots of the resulting model based
absolute standard deviations and their benchmarks
against |Vgs| are shown in Fig. 2l Fig. 8] Fig. 4] and
Fig. [5|respectively where the minimum value of |Vgg| is
0V and the maximum value is 0.1 V which is well below
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Fig. 2: NMOS based |cacg|ar (line) v.s. [oacy|p (dot).
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Fig. 3: PMOS based |oacg|a (line) v.s. |oacg|p (dot).
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0.00

0.02 0.10

Fig. 4: NMOS based |oa fr|ar (line) v.s. [oasr|p (dot).

the nominal magnitude of V; of both NMOS and PMOS
transistors at 65 nm level for ensuring the subthresh-
old region operations. Obviously, strong agreements
between the model based absolute standard deviations
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and their BSIM4 based benchmarks can be observed.
Furthermore, it can also be seen that absolute stan-
dard deviations of ACyp and Afrp are respectively
smaller than those of ACyn and A fry for all values
of |Vgs|. This means that Cy and fr of P-type MOS-
FET is more robust to the random dopant fluctuation
and effects of variations in the manufacturing process
of MOSFET than those of N-type device.

20 -

0.04 0.06 0.08 0.10

Vsl

0.02

0.00

Fig. 5: PMOS based |oa fr|nr (line) v.s. |[oasr|p (dot).

As the quantitative figure of merits of the re-
sulting models, the average percentages of errors
Le. EACyN,avrs €EACyp,avrs €Afry,avr and EAfrp,avrs
have been evaluated from their corresponding com-
parative plots. These average percentages of errors
can be generally denoted by €ay qvr Where {Av} =
{ACgNa AfTNa AC’gl:’vAfTP}' ObViOLlSly, €Av,avr Call
be given in terms of |oa,|m,; and |oa,|p,; which de-
note the value of |oa, |y and |oa,|p at any i*? data
point respectively as follows

A 1

Nay
€EAv,avr = E
’ NAV

i=1

‘O—AulM,i - ‘O—AD|B7’Z

: 100} , (27)
‘UAV |B,i

where Na, denotes the number of the uniformly dis-
tributed sampled data points of each of the compara-
tive plots which is equal to each other.

With Eq. , it has been found that eac,y avr =
3.82873 %, eac,p,avr = 3.15939 %, €Afry,avr =
3.7344 % and €A frp qor = 3.02822 % which are con-
siderably small as they are lower than 5 %. Accord-
ing to these pleasant quantitative figures of merits and
the strong agreements seen in the comparative plots,
it can be stated that the proposed analysis and mod-
eling yield highly accurate results. Since the presented
verification has been performed based on 65 nm level
technology, the resulting models are obviously applica-
ble to MOSFET in nanometer regime such as 65 nm
etc.

In the subsequent section, interesting applications
of these resulting models apart from those aforemen-
tioned will be shown.

4. Applications of the Results

The results obtained from the proposed analysis and
modeling have various interesting applications as fol-
lows.

4.1. Motivation of the Effective

Statistical and Variability
Aware Designing Strategies

The effective statistical and variability aware designing
strategies of the subthreshold MOSFET based VHF
circuits, systems and applications can be obtained by
using these resulting models. As a simple example,
it can be seen from these models shown in Eq. (16)),

Eq. , Eq. and Eq. that

oac, @ L, (28)

oA L7, (29)
where {aicg,aih} can be either {O'QACgN, OAfrN} O
{(TzACgP,O'ZAfTP} up to the type of MOSFET under
consideration. So, it can be seen that even though the
shrinking of gate length can reduce the AC), higher
degree of increasing in Afr has been found to be a
penalty. So, this trade-off issue must be taken into ac-
count in the designing of subthreshold region operated
MOSFET based high frequency applications for any
transistor type. For the statistical /variability aware
design involving strong inversion region operated MOS-
FET, a similar trade-off can also be found since it can
be seen from [14] which is dedicated to the MOSFET
operated in this region that CTAC a L and aAf al 7
So, for the MOSFET of this region, shrinking of the
gate length can reduce the AC, with a higher degree
of increasing in A fr as a penalty as well. However, it
can be seen that such increasing in A f7 is not as severe
as that of the subthreshold MOSFET.

Let us turn our attention back to the subthreshold
MOSFET which of our interested. It can also be seen
from the resulting models that

oac, a T2, (30)

oAp o T70. (31)

It means that Afr is low and ACj is high if the
temperature is low and vice versa for high tempera-
ture. However, the rate of change in A fr to the tem-
perature is greater than that of AC,. Of course, this
issue should be considered as well.
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4.2. Bases of Subthreshold
MOSFET’s High Frequency

Performances Optimization

The objective functions of subthreshold MOSFET’s
high frequency performances optimization scheme can
be simply derived by using these models as bases. As
an example, if such optimization scheme is of the multi
objective type it may employ the following objective
functions

(32)
min[aih], (33)

where {OQACQ ; 0, } can be either {O'QACg N> OR fr ) OF

HliIl[O'zAcg ] )

{JzAch,O'QAfTP} up to the type of MOSFET under
consideration.

4.3. Bases of Analysis and Modeling

of Variation in any High
Frequency Parameter

The analysis and comprehensive analytical modeling
of random dopant fluctuation and effects of manufac-
turing process variation induced statistical variation in
any high frequency parameter of subthrehsold MOS-
FET, can be performed based on the resulting models
where variance of such variation will be obtained as a
result. In order to do so, let such high frequency pa-
rameter and its variation be denoted by X. Variation
in X denoted by AX can be given in terms of AC, and
Afr as

AX:(8X>AC <8X>AfT (34)

aC af

So, its variance i.e. O’QA x Which is the desired result
can be analytically given based on the already analyzed
strong statistical relationship between AC, and A fr
as follows

o= (OXN o (0XN

AX — 80g UACQ 8,fT JAfT
X\ (0X\ /5

+2 (30 > <afT) \/OACCOA fr-

Since {oicg ,0Aj, } can be either {JZCQM O frN )
or {UZACg p»OAf.p}s and can be determined by using
the resulting models. It should be mentioned here that
both derivatives must be determined with regard to
type of the transistor under consideration.

(35)

As an example, bandwidth, fgy which is an often
cited high frequency parameter will be considered. Ob-
viously, fgw can be given in term of gain, A and fr
by

few =A""fr. (36)

By using the outlined principle, variation in fpw
and its variance i.e. Afgy and UZJ:BW can be given
as follows

Afpw = AT Afr,

_ A—2.2
—A O—AfT7

(37)
OA o (38)

where 0% - can be determined by using the resulting
models.

If a broader frequency spectrum must be considered
i.e. a frequency parameter which is higher than fr is
of interested, the maximum oscillation frequency, fmax
has been found to be a convenient one. According to
[21], fmax can be given as a function of Cy and fr un-
der the assumption that Cy is equally divided between
drain and source as

fr

fmax = A477TRgCg 5 (39)

where R, denotes the gate resistance of gate metal-
lization [21I] which belonged to the extrinsic part of
MOSFET [22]. With the outlined principle, variation

in fiax and its variance i.e. A fpax and O'QA Fanay COLL be

given by

025 | _ [fr 1
Afrax = ——— ACy+ [ 5—FA , (40
f 7TRg 03 Cng fT‘| ( )
2 _ 0.0625 f1 o2 0.0625 2
Afmax ﬂRgC’g Alq TR,Cy fr Afr
0125 [0A0, %%, (1)
TR, Cg’

where Cy, fr and R, refer to their corresponding no-

minal values. Furthermore, UZC and O'QA £ CAN be
. . g T

determined by the resulting models as usual.

4.4. Bases of Reduced

Computational Effort
Simulation of VHF Circuits,
Systems and Applications

These resulting models can be mathematical bases of
reduced computational effort simulation of the random
dopant fluctuation and manufacturing process varia-
tion affected subthreshold MOSFET based VHF cir-
cuits, systems and applications because the standard
deviation of the interested parameter of the simulated
VHF circuit or system or application which is the de-
sired outcome is a function of % ac, and Jor 03 ;. which
can be defined by the resulting models. If we let such
interested parameter of the simulated circuit or system
or application be denoted by Y, its standard deviation
i.e. oy can be given for any circuit or system or appli-
cation with M MOSFETs as
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M 9 M
oy = lz [(Sggh) UQACg,i + (S}Z“| ) UAfT z} + Z
i—1

=1

s
Sl

M
+ (Sﬁlz‘) (S}VT |j)pAfT7i,AfT,j VOAsr. UZAfT,j:| +2) ]
i=1

where pACg,,AC Fe) pAfT,mAfT‘j and pACg,iyAfT,j de-
notes the correlation coefficient between AC, of ith
and j* MOSFET, the similar quantity for Afy and
the correlation coeflicient between AC, of i*™ MOS-
FET and Afr of j** MOSFET respectively. It should
be mentioned here that the magnitude of PAC,.i . Afr.;
can be approximated by unity when i = 7j. Fur—

thermore, UQACQ,, and O’Af denote O’AC and O’AfT
of i*® MOSFET which can be either {UACQN7UAfTN}
or {(TQACQP, OXfpp} Where UQACW, stand for
UQACQ and 0% 7 Of §*™ transistor which can be either
{UZACgNaUQAfTN} or {UZCQP,UZJ‘-TP} as well. Finally,
Sggh, Sgg|j, S}/T|i, and S}/T|j denote the sensitivity
of Y to Cy of i'" MOSFET, that to Cy of j™" MOS-

FET, one to fr of i*® MOSFET and that to fr of jt"
MOSFET respectively.

2
and OAfr,

Obviously, Sggh, Sgg|j, S}/T\i, and S}/T|J' can be
computationally determined via an efficient method-
ology entitled sensitivity analysis which has much
lower computational effort than Monte-Carlo simula-
tion based on the random variations of MOSFET’s pa-
rameters such as V3, W and L etc., since the simulated
circuit is needed to be solved only once for obtaining
these necessary sensitivities [20] then oy can be imme-
diately evaluated by using these sensitivities and the
resulting models as shown in Eq. . On the other
hand, Monte-Carlo simulation requires numerous runs
in order to reach the similar outcome [23]. So, much of
the computational effort can be significantly reduced
by applying the resulting models and sensitivity ana-
lysis.

4.5. Bases of Analytical Modelling

and Analysis of Mismatches in
High Frequency Characteristics

The resulting model can be the mathematical bases of
the analytical modeling and analysis of mismatches in
high frequency characteristics of theoretically identical
subthreshold MOSFETs even these models are dedi-
cated to a single device. As simple illustrations, mis-
matches in Cy and fr between theoretically identical
MOSFETs indexed by i and j denoted by 6C,;; and
0 fri; respectively will be considered.

As the analysis of any mismatch in MOSFET can
be conveniently performed by using its variance [24],
[25], the analysis of 6Cy;; and 6 fr;; will be performed

i

{(S(}J/g ‘z) (Sgg |J> PAC,.,AC,, ; \/ﬂ\/ UQACg‘j (42)

1
M 2
Z |:(Sgg |Z) (S}; |j>pAcg,iaAfT,j \/OT%\/O?TJ} ‘| ’
j=1

in this manner. Let the variances of §Cy;; and 6 fry;
be denoted by agcm and ogfﬂj respectively, the an-

alytical model of can be given in terms of Uicgi and
2
OAC,, 88
2 _ 2 2
O5Cy; = OAC,: T OAC,,
— 2PAC, ;. AC, ;OAC, ;OAC, ;- (43)

On the other hand, that of Ug Fris

in the similar manner in terms of O'QA fr
follows

can be expressed
2
,and oxp o as

2 2 2
O5fri; — ODfr. + OAfr,;

- 2pAfT,17AfT,j OAfr i OAfr ;- (44)

It can be immediately seen that the analytical mod-
eling of U?Cgij can be performed by using UQACW and
On the other hand, that of o
By using the obtained mod-

O'QACW,. can be done
: 2 2

by using o5 4., and OAfr;
els of Ugcgij and ongU_, 0Cygi; and & fry; can be con-
veniently analyzed Since the resulting models of this
research define O'AC O'AC oAfT and O’Af , as afore-
mentioned, they also deﬁne and serve as the mathemat—
ical bases of analytical modeling of 050 ~and o3 Fris
which yields the convenient analysis of 6Cgm and d fr4;.
The examples of such analysis can be given as follows.
As the correlation between closely Spaced MOSFETs
is very strong [24], [25], Ugcgi and o3, for closely
spaced and positively correlated devices can be given
by

— QO—AC_L“: O—AC’g,j 5 (45)

2 _ 2 2
05Cy; = OAC,: T OAC,,

2 2 2
Ob5fri; — OAfr, + OAfr; — QUAfT,iUAfT,j' (46)

For closely spaced devices with negative correlation

hand, U?qu,» and ogfﬂ]_ can be determined as
Ugcm AC ,to AC , T20ac,,000,,, (47)
2 2 2
o—é.fTij = UAfT,i + O—AfT‘_j + QO—AfT,io-AfT,j' (48)

Since dCg;; and & lej are respectively directly pro-
portional to UEC ~and 05 fT , it can be observed from
Eq. , Eq. , Eq. ( and Eq. . ) that 6Cy;;
and 4 fr;; are maxnnlzed When MOSFETs are closely
spaced with negative correlation and minimized for
those closely spaced and positively correlated devices.
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Now, distanced MOSFETs will be considered. For
such devices, O'gcm and agfﬂj become

2 _ 2 2
05C,; = OAC,, TOAC, (49)

a-ngij = JzAfT,i + JzAfT,j' (50)

This is because the correlation between distanced
devices can be neglected as it is very weak [24] so,
it cannot affect 6Cy;; and d fr;; as can be seen from
Eq. and Eq. which have no correlation re-
lated terms.

If it is assumed that all transistors under consider-
ation are statistically identical i.e. UZACH =0kc, =

9,3
2 2 _ 2 _ 52 2 2
OAc, and o7y, = 0Ap, = 0ap, Where {oxc 07, }
; 2 2 2 2
can be either {oXc, oAz} O {0Ac, . OAs ) aS
usual, 0%,  and agf _can be simplified as follows
9ij Tij

Uﬁcgij = 20209(1 —2pAC, .AC,, ) (51)

O—gfmj = QUQAfT(l - 2pAfT,i7AfT,j)' (52)
Obviously, U?Cm and 0% Fris for closely spaced and
positively correlated devices can be approximated as
a?cgi'_ = 0 and agfﬂj = 0. This means that 6Cy;;
and o fri; for statistically identical, closely spaced and
positively correlated devices can be neglected.

5. Conclusion

In this research, the analysis of statistical variations in
subthreshold MOSFET’s Cyy and fr, have been shown.
As a result, the comprehensive analytical models of
these variations in terms of their variances have been
proposed. Both random dopant fluctuation and effects
of variations in MOSFET’s manufacturing process have
been taken into account in the proposed analysis and
modeling. The up to dated comprehensive analytical
model of statistical variation in MOSFET’s parameter
[I5] has been adopted as the basis. The resulting mod-
els have been found to be very accurate according to
their pleasant verification results with less than 5 %
average percentages of errors. They also have various
applications for examples analytical study of random
variation in crucial parameter of subthreshold MOS-
FET based VHF circuit/system e.g. variation in L
of subthreshold MOSFET based Wu current-reuse ac-
tive inductor [I] etc., and being the mathematical basis
for various interesting tasks such as the optimization
of subthreshold MOSFET’s high frequency character-
istic, analytical modeling of the mismatches in these
characteristics and sensitivity analysis based simula-
tion of any VHF circuit, system and application in-
volving subthreshold MOSFET which is be more com-
putationally efficient than the Monte-Carlo simulation

[23], etc. Hence, the analysis and modeling proposed in
this research gives the results which have been found to
be the convenient analytical tool for the statistical and
variability aware analysis and design of various sub-
threshold MOSFET based VHF circuits, systems and
applications.
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